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A. REVIEW OF PROBABILITY

Cumulative Distribution Function: F(z)=Pr(X <zx)

Survival Function: S(x)=1-F(z) =Pr(X > x)

Probability Density Function: f@)=LF(z)=-2L5(z)

Hazard Rate Function: A(z) = f;g% =—4LlogS(z) — S (z) = e~ I MO
Cumulative Hazard Function: Az)=[*_X(t)dt — S (z) = e M=)
Transformation: Y = g(X) S i (6) = fx (57 () | 22
Expectation (Discrete X): EX]=> zPr(X =1 — EgX)]=>g(x)Pr(X =12
Expectation (Continuous X): E[X]= [T zf(z)dz = ElgX)]= /" g(2)f(z)ds
Variance: Var (X)=E [X?| - E [X]?

Standard Deviation: SD(X) =+/Var (X)

Covariance: Cov(X,Y)=FE[XY] - E[X]|E[Y]

Correlation Coefficient: Corr (X,Y) = Cov (X, Y)

- SD(X) SD(Y)

Linear Combination: W =aX +bY —  E[W]=aE[X]|+bE[Y]

- Var (W) =a*Var (X) + b*Var (V)
+ 2ab Cov (X,Y)

Sum of iid X: S=X1+---+X, —  E[S] =nFE[X]

—  Var(S)=nVar (X)
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A3. CONDITIONAL PROBABILITY
Conditional Probability: Pr(X =z|y =y) = & gi?;f’:}y/):y) = (XZO;)YFEI;,(Z;)Z"XZI)
Conditional Density Function: fzly) = f;?l;?;) = f@;{g%"z)
Conditional expectation (Discrete): EX)Y=y=>2Pr(X=z]Y =y)
Conditional expectation (Continuous): EX|Y =y]= [Z_ zf (z|y)dz
Law of Total Probability: Pr(X <z)=FE[Pr(X <z|Y)]
Law of Total Expectation: E[X]=FE[E[X|Y]]
Law of Total Variance: Var (X)=E[Var (X|Y)] + Var (E[X|Y])
B. SEVERITY, FREQUENCY
B1. SEVERITY DISTRIBUTIONS
Distribution Probability density function Formulas worth memorizing
— _ 2

Uniform flz)= bia7 a<z<b F(z) = ;;:7: EX]= a;b Var(X) = ® 1;)

Exponential f(x)= %e‘? x>0 Flx)=1—e"% EX]=90 Var(X) = 62

Weibull flz) = g (%)T -5 20 F(z)=1-e(3)

F(z)=Pr(X*>a)
1\
Gamma flz)= lgg(l/) 2°7le™%, 2> 0 X* is Poisson with A = é ElX]=af Var(X) = af?
If v is an integer.
o F(a’+b) pa—1 _ b—1 _ a 21 _ a(a+1)
Beta r® I'(a)T(b) (== E[X]7a+b E[X]i(a+b)(a+b+1)
0O<xz<l1 If @ and b are integers. | If @ and b are integers.
0
6 o\ | FRXI==
Pareto flz)= @ —:—XH)‘H“ x>0 F(x)=1- <I m 9) .0‘ 1,
If @ > 1 is an integer.
Single P. Pareto | f(z) = ;Tejl, x>0 F(z)=1- <g) EX]= %
Lognormal f(z)= ! ef(l()géigll)Q , x>0 F(z)=N <10g1’ — M) EX]= T E[X?] = 220’
roV2m o
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B2. FREQUENCY DISTRIBUTIONS

Distribution Probability mass function Formulas worth memorizing
Poisson P(m):%,xzo,lﬂ,...,oo E[N]=X Var (N) =X
Binomial P)=(Me¢ 1-q¢" " ,2=0,1,2,....m E[N]=mgq | Var (N) =mq (1 —q)
Geometric P(x)= (ﬁ) (%)w,x:(),l,l...,oo E[N]=p Var (N)=p(1+5)
Negative Binomial | P (z) = (*171) (ﬁ)r (Hﬁ_—ﬁ)x ,2=0,1,2,...,00 | E[N]=7r8 | Var(N)=r8(1+ )
Zero-truncated distributions.: pI = lf’;o
Zero-modified distributions.: pM = (1 — pé\/[) (15“;0)

Individual risk model:

Collective risk model:

Normal Distribution:

Exponential Distribution:

Normal approximation:

B3. AGGREGATE MODELS

S=X;+Xo+-+X, —  E[S] =nE[X]
—  Var(S) =nVar(X)
S=X1+ X+ + Xy —  E[S] = E[N]E[X]
—  Var(S) = E[N|Var(X) + Var(N)E[X]?
Xi “ N (4, 0?) - SI=Xi+Xo+ -+ X, ~ N (np, no?)
X; % Eap (0) -  Sl=X,+Xo+---+ X, ~ Gamma (a =n, 0)
SN (u=E[S],02 = Var(S)) — Pr(S<k)~N (k%)

B4. MEASURES OF RISKS

Coherent risk measures:

Value-at-Risk:
Tail-Value-at-Risk:

Equilibrium Distribution:

www.ACTEXLearning.com

1. Translation Invariance: p(X+c¢)=pX)+c

2. Positive Homogeneity: p(cX)=cp(X)

3. Subadditivity: pP(X+Y)<p(X)+p((Y)

4. Monotonicity:

p(X)<p(Y) IPr(X<Y)=1

VaR,, (X) Where Pr (X < VaR, (X)) = a.

TVAR, (X) = E[X|X > VaR, (X)] = VaR,, (X) + ZXEXAVaka (X))
E[X?

fe (l‘) = gg{)], X>0 — E[Xe] = 2}%[X]
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C. COVERAGE MODIFICATIONS

Policy Payment per loss Expected payment per loss
0, X <d

With ordinary deductible d yi= E[YL] = E[X]- EX Ad]
X—-d, X>d
0, X<d*

With franchise deductible d* YE= EY'] =E[X | X >d"]
X, X>d*
X, X<u

With maximum covered loss u YL = E [YL] = E[X A
u, X>u
0, X <d

With d and u Yi=0X-d d<X<u E[YL] = B[X Au]l - E[X Ad]
u—d, X >u
0, X <d

With d, u and coinsurance factor o | Y = a(X —d), d<X<u E [YL] = a(E[X ANu] — E[X Ad])
afu—d), X>u
0’ X < lir

With d,u, o and inflation rate r YE=La(4n) (X —%), LX< | BV =aln) (Blxres]-B[xnk])
a(1+7)) (117 - lir) v X > ﬁ

er=1- 2]

E[X]

C2. PAYMENT PER PAYMENT

YP=YLX >d

Loss elimination ratio:

P E[Y]
Payment per Payment — E [Y ] = Pr(X>d)

Policy Loss Payment per payment

X ~ Unif(0,b) Y ~ Unif(0,b — d)

With ordinary deductible d X ~ Exp(0) YP ~ Exp(0)

X ~ Pareto(a,0) YT ~ Pareto(a, 0 + d)
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Proportional reinsurance

Insurer pays

Reinsurer pays

With quota share a

Y=(1-a)X

With retention u and surplus share «

X, X <u

ut+(1l—a)(X —u), X>u

Excess of loss reinsurance

Insurer pays

Reinsurer pays

X, X<d 0, X <d
Covers losses above d Y = Y =

d, X>d X—-d, X>d

X, X <d 0, X <d
Covers losses above d but below u Y =144, d< X <u Y=40X—-d d<X<u

X+d—u, X>u

u—d, X>u

D. MAXIMUM LIKELTHOOD ESTIMATION

D1. MLE WITH COMPLETE DATA

For distributions that belong to the exponential family:

1. Determine L(9).

2. Apply natural logarithm, obtain 1(6) = log L(0).

3. Take the first derivative with respect to the parameter, obtain {’(6).
4. Set I(9) = 0, obtain 6§, which is the MLE.

Distribution Likelihood Function | Maximum likelihood estimate(s)
Exponential 6=z
Normal L=z 6% =15 (z; — )’
L) = f(z1)... [ (zn)
Lognormal = % > log x; 52 = % > (logx; — u)2
Uniform b = max (1,0, Tn)
Binomial q= %
L(®) =p(x1)...p(2n)
Poisson A=z
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Likelihood function

Note

Grouped data L= (F(c1)=F(co))™ ...(F(cn)— F(cn-1))™ | Where ¢y < ¢; < --- < ¢, are interval boundaries.
Left-truncated data L= fS((a;)) .. f;&’;) Losses below d are not reported.
Right-censored data L=f(z1)...f(zn)S(w)™ Losses are capped at u.

Left-truncated

& Right-censored data

Losses below d are not reported. Losses are capped at u.

E. CLASSICAL CREDIBILITY

El. FULL CREDIBILITY

Average aggregate claims

Total aggregate claims

We want...to be within k of | Range parameter, k Total number of exposures Total number of claims
. 1 (1+p
the mean p of the time. Note: z=N""! < B) > needed, epr needed, ng
Var(N
; alf( )
Average number of claims k= °r >y \ N2 \
E[N] ep = <,) « Yar(V) np = <,> w Yarl )> x E[N]
k E[N]? k E[N]?
ver Var(N
Total number of claims k= L&r()
epE[N]
Var(X)
L. B ng _(2\? _ Var(X) 1 _(2\? _ Var(X)
Average claim size k= BX] ep = <%) X EIX] X w ng (E) X BIX]
Var(S
, ar(S)
Average aggregate claims k= °r o\ 2 g 2 Far(S
E[S] er *(l) x\(}l(, )) iy *<i> x\(‘n(\ )x/- N
S k E[S]? k E[S]?
A%
Total aggregate claims _— :jE[E;r]( )
E2. POISSON FREQUENCY
We want...to be within k Total number of exposures needed, Total number of claims needed,
Frequency
of the mean p of the time. er ng
Average number of claims . | 9
er=(3) 5 = (7)
Total number of claims
. 2 Var(X 1 2 Var(X
Average claim size N ~ Poisson(}) ep = (%) X 5[1;((]2) X X ng = (%) X ;E)E']z)

ngp = (i)l X <l |

Var(X)
E[X]?
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E3. PARTIAL CREDIBILITY

7 Number of exposures available
~\/ Number of exposures needed for full credibility

Credibility factor:

o 7 Number of claims available
T =
Number of claims needed for full credibility

Credibility premium: P = Z x Observation + (1 — Z) x Manual Rate

F. RATEMAKING & LOSS RESERVING

Written exposure
Earned exposure

Exposure
Unearned exposure
Written premium

. Earned premium

Premium
Unearned premium
Reported claims

Claim
Unreported claims
Reported loss = Paid loss + Case reserve

L IBNR reserve = Incurred but not reported reserve

0ss

IBNER reserve = Incurred but not enough reported reserve
Ultimate loss = Reported loss + IBNR reserve + IBNER reserve
ALAE = Allocated loss adjustment expenses

Expenses

rpenses ULAE = Unallocated loss adjustment expenses
Number of Claims
Basic formulas: Frequency =

Number of Exposures

Losses

S ity =
evertty Number of Claims

Losses

Pure Premium/Loss Cost = = Frequency x Severity

Number of Exposures

Losses
Loss Ratio = ———
Premium

Expenses
Expense Ratio = ———
Premium
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F2. AGGREGATION METHODS

Aggregation methods Premium/Exposure | Loss

Calendar year Transaction date Transaction date
Calendar-accident year | Transaction date Accident date
Policy year Effective date Effective date

F3. LOSS RESERVING METHODS

Expected loss ratio method

1.

2.

Ultimate losses = Earned Premium x Expected Loss Ratio

Loss Reserve = Ultimate Losses — Paid Losses

Chain-ladder method

. Prepare a run-off triangle for paid losses.
. Calculate age-to-age factors using average factor method or mean factor method.

. Calculate age-to-ultimate factor fyrp, which is the product of age-to-age factors.

4. Ultimate Losses = Paid Losses x fyrr
5. Loss reserve = Ultimate Losses — Paid Losses
1. Prepare a run-off triangle for paid losses.
2. Calculate age-to-age factors using average factor method or mean factor method.
Bornhuetter-Fergus sthod
orunettermersuson metho 3. Calculate age-to-ultimate factor fyr7, which is the product of age-to-age factors.
4. Ultimate Losses = Paid Losses + Earned Premium x Expected Loss Ratio x (1 — fUlLT)
5. Loss reserve = Ultimate Losses — Paid Losses
F4. PRICING FORMULA
General formula: Premium = Losses + Loss adjustment expenses + Fixed Expenses 4+ Variable Expenses + Profit
] L+ LAE+ F
L+ LAE+ F
Permissible loss ratio: R=1-V-Q — P = %

Adjustments to data:

www.ACTEXLearning.com

Premium at current rates = Earned premium x

Current rate level

Historical average rate level

Ultimate losses = Reported losses x Development factor

Trended losses = Reported losses x Trend factor
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F5. RATEMAKING METHODS

Loss cost method

Trended and ultimate losses and LAE

Projected loss cost including LAE =
Number of earned exposures

Projected loss cost+Fixed expenses per exposure

Indicated rate =
Permissible loss ratio

Indicated rate
Indicated rate change = ——— —
Current rate

Loss ratio method

Trended and ultimate losses and LAE

Earned premiums at current rate level

Projected loss and LAE ratio =

Projected 1 d LAE rati Fixed ti
Indicated rate change — rojected loss an ratio + Fixed expense ratio

Permissible loss ratio

Earned premiums at current rate level

Indicated rate =
Number of earned exposures

x (1 + Indicated rate change )

G. Option Pricing

Financial derivative | Payoff Profit
C(T) = max(0, S(T) — K) Profit = C(T) — C(0)e™™
Call option
n 5(T) 5(T)
k
P(T) =max(0, K — S(T)) Profit = P(T) — P(0)e™”
Put option
S(T) S(T)
k k
Put-call parity: C(0) — P(0) = S(0) — Ke™"T
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G2. BINOMIAL OPTION PRICING MODEL

Stock price at time h: Sy =S(0) x u or Sq=5(0) xd
Option payoff at time h: Vu or Vy
Replicating portfolio: A= Vu = Va & B=e¢Th M

Su - Sd u—d
Option price: V(0) = AS(0)+ B

: . et —d

Risk neutral probability: p* = p

u—
Option price: V(0) =e ™" (p*Vy + (1 — p*) Vi)

G3. BLACK-SCHOLES-MERTON MODEL
(r~2)raovTs

Stock price at time T': S(T) = 8(0)e\"~ 7)1+ where Z ~ N(0,1)
Call price: C(0) = S(0)N (dy) — Ke "IN (dz)
Call delta: Ac = N (dy)
Put price: P(0) = Ke "' N (=dg) — SN (—d,)
Put delta: A, =—N(—d1)

log % + (r + %2) T
Where: dy = & dy =dy —oVT

1 T 2 1
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FAM-L

A. REVIEW OF PROBABILITY

Cumulative Distribution Function: F (x) =Pr (X <)

Survival Function: S(x)=1-F(z) =Pr(X >x)

Probability Density Function: f@)=LF(z)=-245 ()

Hazard Rate Function: Alx) = ggg =—LlogS(z) — S(x)=e€" T2 Mtydt
Cumulative Hazard Function: Az) = [*_X(t)dt — S (z) = e A=)

Expectation (Discrete X): EX]|=>Y zPr(X =2) — Elg(X)]=> g (x)Pr(X =2x)
Expectation (Continuous X): E[X]=[7 af (z)dx — Elg(X)=["_g()f(z)dx
Variance: Var(X)=E[X* - E [X]?

Standard Deviation: SD(X) =+/Var (X)

Covariance: Cov(X,Y)=FE[XY]-E[X]|E[Y]

Correlation Coefficient: Corr (X,Y) = Cov (X, Y)

~ SD(X) SD(Y)

Linear Combination: W =aX+0bY

E[W]=aE[X]+bEY]

Var (W) =a?Var (X) +b*Var (Y) + 2ab Cov (X,Y)
Sum of iid X: S=X,+ -+ X,

E[S]=E[X)+ -+ X,] =nE[X]

Var (S)=Var (X;+ -+ X,) =nVar(X)
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A3. CONDITIONAL PROBABILITY

Conditional expectation EX|Y=yl=>zPr(X=2|Y =y)

(Discrete):

Conditional expectation EX|Y =y|= [ af(z]|y)dx

(Continuous):

Law of total expectation: E[X] = E[E[X|Y]]

Law of Total Variance: Var (X) = E[Var (X|Y)]+ Var (E[X|Y])

Uniform distribution: fx (z) = ﬁ fora<axz<b — FE[X]= GTH’ Var (X) = (b;g)Q
Exponential distribution: fx () = e~ 4 for x>0 -  E[X]=6 Var (X) = 62
Normal approximation: S< (p=EIS], 62 =Var(9)) — Pr(S<k)=N (ij“)

B. REVIEW OF FINANCIAL MATHEMATICS

Annual effective interest rate: i

Rate of discount: d= 1%_1 =w=1—wv

Discounting rate: v = %—H =1-d

Continuously compounded interest rate: 0 =1log(1+14)

Nominal interest rate: i =m ((1 + Z)# - 1)

Nominal rate of discount: dm =m (1 - (1= d)%)

PV of n-year certain annuity-due: ) = l_d”" (1 at the beginning of each year)

PV of n-year certain annuity-immediate: am = 1_1,”" (1 at the end of each year)

PV of n-year continuous certain annuity: U = 1_(51’" (1 per year continuously)

PV of n-year 1/m-thly certain annuity-due: d%") = % (1/m at the beginning of each of the nm periods)
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C. SURVIVAL MODELS

Complete future lifetime: T, —  The pdf of T, is f.(t) = tPx patt-
Curtate future lifetime: K, =|T.| —  The pmf of K, is Pr (K, = k) = Pz Gutk-
Survival function: Sy (t) =Pr (T, >t)
Formulas: ScH)=S:(0) Sena ) > Sen )= LD

So (z +1) = So (z) Sa (1) S S, () = S";Ox(;“
Three conditions: (1) Sz (0)=1

(2) lim S, (t)=0

t—o00

(3) Sy (t) must be a non-increasing function of ¢.

C2. ACTUARIAL NOTATION

Survival probability: tPe = Pr (T, > t)
Mortality probability: tqe =1 —p, =Pr (T, <1t)
Formulas: t+uPz = tPz uPao+t

t+uldx = tqx + tPx uqz+t

tlude = tPz wldz+t = tPx — t+ulPx = t+udax — tqz

C3. LIFE TABLES

Number of lives: lz
Number of deaths: iy =1y — lyyy
. _ laert
Formulas: Pz =
ly
_ tdx _ lz - lert
tdz = l£ - l.L
_ udert o lr+t - lm+t+u
tlulde = / = ]
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C4. FORCE OF MORTALITY

Definition: po (B) = pgae = g:((?) =—41og S, (t)
o . t

Condition: tlirgo Jo psds = o0

Formulas: 1Py = € Jo arads = = [T pads

t
tdx = fO sPz ,ua:+sd5

t+
tludz = ft “ sPz Hatsds

C5. EXPECTED FUTURE LIFETIME

Expectations: ET,] = by = fooo t Pz Moyiedt = fooo Pz dl
o0 o0
k=1 k=1

E [min (T,,n)] = gr:m = font Do Poitdt + Nppy = fon P dt

n—1 n
E [min (Kacvn)] = €gx:m) = Z k kPs Quik + MnPz = Z kPx
k=1 k=1

Second moments: FE [Tf] = j;)oo t24De poiedt = fooo 2ty pdt

D) [Kg} = E k2kpx Que+k = Z (2k— 1) kPx = 2 Z k kPx — €z

E {min (Tm,n)ﬂ = [T 2p, e adt + n2ap, = [ 2tip,dt

n

E {min (Kx,n)z} = :Zi k?kpe Quik +1%npe = kE (2k — 1) kpa
= =1
Variance: Var (T,) =FE [Tf;] —-FE [T:r]2
Var (K,) = E [K2] — B[K,)”
Recursive formulas: gx = gz:m + Pz ngrn
€y = €xm + nPx Catn —>  €p =Pz + Pz Czi1

o o o
€x:m = €x:m] T mDx €xtmin—m) form <n

€x:m = €xim) T mPa €ppmin—m for m <n = €wm = Po+ Do €4p157)
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C6. MORTALITY LAWS

Gompertz’s law:
Makeham’s law:
Weibull distribution:

Exponential distribution:

(Constant force of mortality)
Uniform distribution:

Beta distribution:

UDD between integral ages:

CFM between integral ages:

C8. SELECT SURVIVAL MODEL

k-year select period:

Bc® (cf‘fl)
Wy = Bc® for ¢ > 1 —  py=e  Tese

A Bc® (ctfl)
fy = A+ Bc® fore > 1 = py =€ AT TeEe

k((m+t)"+17:t"+l)
Pz = k™ = e
fa = pL = app=e M
fo = 7= for0<z<w = p=1-

«
o=z for0<a<e o = (1-55)
C7. APPROXIMATIONS
Sq
lac+s =1, — sd, — sz = Sq sqe4t = - Gz = sPx Hz+s
1- tth

ll’+5 =1y X (pr)s — sPx = (pz)s sPz+t = (px)s Mpts = —logp.

These arefor 0 < s,t<land 0<s+t¢<1.

Qie)+h < Gutn for h <k
qiz)+h = Qz+h for h > k
Dla]+h > Pz+h for h <k

Plal+h = Paoth for h > k

D. INSURANCE

Endowment:

Insurance (Continuous):

Insurance (Discrete):

www.ACTEXLearning.com

nEr=A | = V" Pa 2Em =24 1= (vn)2 nPx

x:n) z:m]
- = 2
Ay = [0 P potedt 24 = [77 (08 1D pogedt
_ - 2
A, = o V'Pa Hatedt QA%:m = [ (V") Do poredt
- = 2 2
Aw:ﬁy = fon VP Pottdt + V" Dy 2Az:m = fon (Ut) Pz Pattdt + (V)" npe
= k1 2 o () k+1)2
Ap = 3 0" ipy qoyi Ay = (V") kpe qosr
k=0 k=0
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Insurance (mthly):

Relations:

Recursive formulas:
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n—1 n—1
A= > 0" pe qogk QA;,m =% () e dos
. k=0 : 5=0

n—1
Aw:ﬁ! = Z vk—Hkpa: Qz+k + V" P
k=0

A = mi_lvk/mﬂ/mk/mpz 1/m%e+k/m
eml f=o

A, = Aé:m + nEy Azin

Apim = Aglc:m +nEs

nA = nEy Agin,

Az = VQgy + VPx Az+l

_ 2
Aiszvqurvpm A, Aalo:m

z+1l:n—1

D2. PRESENT VALUES

n—1

2
QA:UIW! = Z (U]H_l) kPx do+k T (vn)2 nPzx

k=

o

Ap = Ay nFs Avin
Ax:m — Aim + nE:c

2Ax - 'sz]x + U2pz 2Ar+1

= 'UZQI + 112171 2Am<1k1'n71

Death benefit paid Death benefit paid

Policy at the moment of death at the end of the year of death
Whole life insurance Z=ww" T,>0 Z=bft K,=0,1,2,...,00

wl= T, <n e+l K, =0,1,2,...,n—1
n-year term insurance Z = Z =

0, T.>n 0, K,=nn+1,...,00

wl= T,<n e+l K, =0,1,2,...,n—1
n-year endowment insurance Z = =

o™, T, >n bv™, K,=nn+1,...,00

0, T, <n
n-year pure endowment Z =

v, T, >n

0, T.<n 0, K,=0,1,2,....n—1
n-year deferred whole life insurance | Z = Z =

b= T,>n bt K. =nn+1,...,00

D3. EXPECTED PRESENT VALUES

Death benefit paid

Death benefit paid

Policy at the moment of death at the end of the year of death
Whole life insurance E[Z] =bA, E[Z]) =bA,
n-year term insurance E[Z] = bfL_j EZ] = bAl__’
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n-year endowment insurance E[Z] =bA,m E[Z] = bA.m
n-year pure endowment E[Z] =b,E,
n-year deferred whole life insurance | E[Z] = bn|Am E[Z]) = by A
D4. VARIANCE OF PRESENT VALUES
Death benefit paid Death benefit paid
Policy at the moment of death at the end of the year of death
Whole life insurance Var (Z) = b2 (2;135 - (/Lc)2> Var (Z) = b? (QAx - (Ax)z)
_ _ 2 2

n-year term insurance Var (Z) = b2 (2/13%:m - (Ai:m) ) Var (Z) =v? <2Aal;:m - (Airﬁl) )

: 2 (24 1 2 2 (2 2
n-year endowment insurance Var(Z)=5 ( Apm — (A$;m) ) Var(Z)=b ( Apim — (Az:m) )
n-year pure endowment Var(Z) = b2 (%EI - (nEx)2>
n-year deferred whole life insurance | Var (Z) = b2 (ilfl - (n|flz)2) Var (Z) =b? (i‘A - (n|AI)2>

D5. APPROXIMATIONS
UDD between integral ages: A, = %Am A}c:m = %Ai:m Aa‘,:m # %Aw:m-
Agcm) = i(fn) Ay

Claims acceleration approach: A, = (1+1)%5 A, A =(1+ i)0'5 A%'T /L;;m #(1+ /L.)()‘s Asmy-

E. ANNUITIES

Annuity (Continuous): fo ( )tpm Lot dt fo ( 35 )tpx Mgt dt

G = fon (1 3 )tp”” Ha-edt + ( )"p”” aIT fo ( 55 )tp:v Mayedt + <%) nDx

. . .. X [yt 9. X (1 _p2kt2
Annuity (DlSCI‘CtO): Ay = Z ( d )kpz Az+k Ay = Z (W) kPz 4z+k
k=0 —
. n-l 1—pktt 2. n—1 1—p2kt+2 n
Qg:m) = Z ( ) kPz Qutk T (7) nPx Qz:m) = Z (W) kPx Qutk + (2(1 dz) nDx
k=0 k=0
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Simpler formulas: Qy = fooo vlpLdt 28y = fooo 02 pedt
= _(m, it 2= _ [m, 2t
Qg = fO v tpwdt Qg:m) = 0 v tpzdt
— k 2 — 2k
azzzvkpz am:zv kPx
k=0 k=0
n—1 k 5 n—1 ok
az:ﬁy = Z V" kP aazzm = Z V™" kP
k=0 k=0
m) _ "y
az:ﬁy = Z mY mk/mpx
k=0
Relations: Gy = Gz + 0Bz Qzin Gy = g + nBz Gzin
n|dw - nEz dm+n n|a$ - nE:v dr+n
C_lx:m - C_lm + nET am+n axm = am + nE'r ar+n

ar =1+ a,

éigc:ﬁy =1+ Apn=1) = 1+ Qz:m] — nEy

Recursive formulas: Gy =1+ vpy Apy1 2, = 1+ 0%py 2dp0q

e

a,a;:m =14 vp, dz+1:ﬁ’ Qg:m) = 1+ ’Uzpw 2dz+1:ﬁ’

_ -
Insurance to annuity: A, = 1_5'% Q@w = 1_26Aw

_ 1-Aum 22 _ 1245

Ag:m) = 5 Og:m) = 25

. 1—A, 2. _ 1-2A

ly = 15 Uz = Sq=g%

.. _ 1-Aumy 9.  1-%A,n

Oz:m = — g Oz = 33_q2

(m)
i m) _ 1-AJS
xz:n] — d(m)

E2. PRESENT VALUES

Payments made Payments at the

Policy continuously beginning of each year
Whole life annuity Y:b(l—g“) Ty >0 Y:b(%), K,=0,1,2,...,00

b(%) T, <n b(%) K,=0,1,2,....n—1
n-year term annuity Y = Y =

b(%), T.>n b(l_dvn), K,=n,n+1,...,00

b(&55), Tu<n b(=5), K,=01,2,...,n—1
n-year certain whole life annuity Y = Y =

Tz Kg+1
b(l_T”)7 T.>n b(%y K,=nn+1,...,00
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0, T, <n 0, K,=01,2,....n—1
n-year deferred whole life annuity | Y = Y =
n Ty n Kg+1
b(v 7 )a T, >n b<v 7Ud +>a Kr:n,nJrl,...,oo

E3. EXPECTED PRESENT VALUES

Payments made

Payments at the

Policy continuously beginning of each year
Whole life annuity E[Y] = ba, E[Y] = bi,

n-year term annuity E[Y] = bag.m E[Y] = big.m

n-year certain whole life annuity EY] = b@ﬁ EY] = bdﬁ

n-year deferred whole life annuity | E[Y]=b,a_ EY]=by,

E4. VARIANCE OF PRESENT VALUES

Policy

Payments made

continuously

Payments at the

beginning of each year

Whole life annuity

Var (Y) = b=

Var (V) = b2 - Aa—(A=)®

n-year term annuity

1 1 2
Var (Y) = b? 7214’%_5&%%)

2
Var (V) = b? 72Am:m:igAm:m)

UDD between integral ages:

Woolhouse formula, 2 terms:

Woolhouse formula, 3 terms:

www.ACTEXLearning.com

E5. APPROXIMATIONS

_ id - -5
Arx = Z;Tax - 1572
.(m) id .. i—i(m)
Gz = Gyqim Gz — o qim)
. (m) id .. i—i(m)
Qg = 70m q(m) Gz — 50m) gom) (1
— 1
Ay = Ay — 5
a(z ) ~ Qg n;m

m) . m—1
Ay A i — "Gy (1-,E)

~ 1 1

Uy R Gy — 5 — 15 (fha +0)
=(m) m—1 _ m?-1
o~z — 5o — oz (Ha +0)
il gy — 2L (1 - B, —

x:m] © Y] 2m n—w

www.actuarialbookstore.com

- nEw)

where f1, = —% (logpz—1 + logp,.) if not given.

2_
TTnzl (pz + 0 — nEy (fhzin +0))
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F. PREMIUMS

F1. ACTUARIAL FUNCTIONS

A
Premium (Discrete): P, = Z‘—: P%'ﬁ! = ﬁ P = e
D A _ Am D A _ 7:%:%[ D n . 71‘:?{
P(A,) =4 P4, )=z P (Agm) = 22

Premium (Continuous): .
F2. EQUIVALENCE PRINCIPLE

oL™ = PV (Benefits) — PV (Premiums)

Loss-at-issue:
oL9 = PV (Benefits) + PV (Expenses) — PV (Premiums)
E[oL] = EPV (Benefits) — EPV (Premiums) = 0

Equivalence principle:
E[oL9] = EPV (Benefits) + EPV (Expenses) — EPV (Premiums) = 0

F3. EXPECTATION AND VARIANCE

Fully discrete whole life insurance

Fully continuous whole life insurance

Ong(bJrE)sz—(G—e)(#), T,>0 ong(b+E)va+1—(G—e)($), K,=0,1,2,...,00

oL = (b4 B+ O52) 2 - S5

oLt = (o4 B+ G 2 - S

E[L] = (b+E) A, — (G —e) iy

EloLf) = (b+E) A, — (G - ¢) .

Var (oL%) = (b+ B+ %5%)° (24, - (4,)°)

Fully discrete n-year endowment insurance

Fully continuous n-year endowment insurance

(b+ E) o5+l — (G —e) (#) K,=01,....n—1
K,=nn+1,...,00

(b+E)szf(G—e)<#), T, <n Lo
ol? =
1_71}”)7 Tzzn (b+E)Un_(G_e)(%)v

(b+E)v"—(G—e) (5

oL

Ge oL = (b+ E+ 95¢) 7 — S5

oL? = (b+ E+ <) 7 - &
E[oL]=(b+E) Ax:m —(G—e) dm:m

ELL] = (b+ E) Az — (G — €) G

Var (019) = (b+ B+ %)° (v — (4um)”)

Var (oL?) = (b+ E + %)2( A
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F4. PORTFOLIO PERCENTILE PRINCIPLE

Aggregate losses: S=L{+L§+ -+ LI~N (,u, 02)
Mean: w= E[S] =nE[oLI]
Variance: 0% = Var(S) = n Var (oL9)
Find premium such that: Pr(S<0)= N (%) =« — % = Zq
G. RESERVES
Net premium reserve: V"™ =FELL| T, >t] = EPV, (Benefits) — EPV; (Net Premiums)
Gross premium reserve: V9 =FE[L9]|T, >t] = EPV; (Benefits) + EPV, (Expenses)
— EPV, (Gross Premiums)
Expense reserve: Ve =,V —,V" = EPV;(Expenses)— EPV;(Expense Loadings)
Fully continuous whole life insurance Fully discrete whole life insurance
(L= b+ E)oTert — (G —e) (125) ) Topy 20 pLY = (b+ ) ofertl — (G — ) (12552,
Kppr =0,1,2,...,00
L9 = (b+ E+ 95¢) Z — &< WL = (b+ E+ 95¢) Z — &<
ELLI| Ty > t] = (b+ E)Asis — (G — €)apre EL9 | Ky > k] = (b+ E)Agir — (G — €)lig 4k
Var (L9 | T, > t) = (b+ B + &5¢)° (Z‘AM - (Ax+t)2) Var o L9 | K, > k) = (b+ E + ¢5¢)° (2Ax+k - (AM)?)

Fully continuous n-year endowment insurance Fully discrete n-year endowment insurance

(b+ E)vfrttt — (G —e) (#) :

et —pTatt B
i (b+ E)vTe+ _(G—e)(IT), Tpir < —t e Koy =0, on—k—1
(b+E) ot = (G—e) (5), Ty zn—t (b+E)o"* — (G =) (=5),
Koyp=n—kn—k+1,...
L? = (b+ B+ 95) 7 - G- WL = (b+ B+ 93¢) Z - 93¢

_ _ 2 2
Var (L9 | T, > t) = (b+ E + 95=)° (2141“:@, - <Az+t:m) > Var (419 | K, > k) = (b+ E + %5¢)? (2141%:@’ - (AH,C:HO )
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G3. RECURSIVE FORMULA

Net premium reserve: (kV+P)(1+1i) =bgeir + k+1V Dotk
Gross premium Reserve: WVI+G—e)(1+i)=0b+FE) ik + 111V Dosk
For reserves between premium dates: &V +P)(1+i)" =bv'™% jquin + kisV speyr where 0 < s < 1.

coN1—
k+sV (1 + Zk) =0 1-sQz+k+s T k+1V 1—sPz+k+s where 0 < s < 1.

For a special policy that pays (k—1V+P)1+1i)=(FA+ V) @uik-1+ &V Datr-1
FA + ,V upon death:

Rearrange: BV =(1V+P)(1+4i)—FA quir-1
k .
Obtain the formula: KV = Pag(1+ WV —FAY quijo1(144)k7
j=1
G4. FPT RESERVES
First year premium: E [OLFPT] =vq, —a=0 - a=0qgy
. FPT _ . _ _ Asn ;
Renewal year premium: 1V =Agq41 — Pdg41 =0 — B = T whole life
FPT Al =
. rx+1l:n—1 ,.
1V = Axil:m = Bliy 17— =0 — f[= m n-year term
A
JVEPT _ Az-l-l:m — By y15=1 =0 — fB= ﬁ n-year endowment
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