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TIME VALUE OF MONEY

Accumulation Factor A (t,t5): The accumulation at time t5 of an investment of 1 at time ¢ for t; < ¢,

A(n) = A(0,n)
Simple Interest: A(n) =C(1+in)
Compound Interest: A(n) =C(14 )™ in =1
1
Present Value Factor: v(n) = A
Effective Interest Rate: Iy = Aln) — A(n —1)
A(n—1)
Effective Discount Rate: d, = Aln) — Aln —1)
A(n)
Simple Discount: C(1—nd)
Effective Discount: c1-ay
) 1 1
Discount Rate: zlj_izl—vziv v=(1+1i)"1 g—zzl
i@N\P d®N\?
Nominal Rates: <1 + > =1+1 <1 — > =1-d
p b
i(®) :p[(l—l—i)%—l} d@):p[l—(l—d)ﬂ
vV, d J12 6edr ndt _ L6
Force of Interest: 0 = AT InV; Aty t) = eltr A(0,n) = elo"0dt = ¢on
¢
Constant Force of Interest: e =1+ 0 =1In(1+14) v=e"?
im)\ ™ dmN™
PV of $1 Due in t Years: PV=(1+i)t=vt=e=(1-d)t= (1 + ) = (1 - )
m m
im)\ ™ dm\ ™
AV at time t of $1 AV:(l—&-i)t:e‘St:(l—d)_t:<1—|—) z(l—>
m m
invested at time O:
Principle of Counsistency: Alto,tn) = A(to, t1) A (t1,t2) ... A(tn—1,tn)
CASHFLOWS
Discrete cashflows: e, v (t1) + v (t2) + - e, v (tn) = D cyv(ty)
i=1
. J
> c,;v (t;), if the No. of payments is infinite
j=1
p(t): The rate of payment at time ¢ per unit time.
M(t): The total payment made between time 0 and time ¢
Continuously payable cashflows:
p(t)=M'(t) forallt
The payment received between time o and time 3:
M(B) — M(a) = [7 M'(t)dt = [7 p(t)dt where 0 < a < B<T
PV of the entire cashflow: fOT v(t)p(t)dt 157 v(t)p(t)dt, if the No. of payments is infinite
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General Cashflow:

Yew(t)+ [y v(t)p(t)dt

vmueatunmtlochhmaiﬁnth:cexp{—ﬁfauyﬁ]andjzzawdt: S (ydt — [ 5(t)dt

Valuing cashflows:

Interest income:

Capital C:

S ero(t) + [ p(tyo(t)dt

Value at time 1| _ | Value at time £5 [U (752)}
of cashflow of cashflow v (t1)

Value at time t| _ | Value at the present [1]
of cashflow time of cashflow v(t)

I(T) = [ Co(t)dt

C =C [ s(t)o(t)dt + Cu(T)

ANNUITY

Annuity-Immediate:

Annuity-Due:

Continuous Annuity:

p-thly Annuity:

Non-integer values of n:

Perpetuity:

Deferred Annuity:

am: one period before first payment, s7: at time of last payment
1—o"

7

am:v+v2+"'+vn:
, . 1+i)m -1 .
sm:1+(1+z)+-~+(1+2)”’1=%=am(1+l)"

dmp: at time of first payment, $7: one period after last payment

1—o"

pi :(1+i)am:<;>am:1+am

dmzl—&-v—i—---—i—v"’l:

1+2)" -1
Zs'm:(1+i)+(1+i)2+---+(1+i)”=%zdm(l—i—i)”
. 7
= (1+i)sy = (d) S = Sn] -1

_ 1—o" 1 n _s
G = ——— = <5> am = [, e~ ’tdt

14+2)" -1 ) n
= 0E Z(g B (:5> sm = Jo €/ T0dt = am(144)"
) 1o ) 1o
L R i) = Z59m = g
i i
1+~ -1 i n . { .. n
= = e = e (LS = e = (1)
=3 X vt al?) = La
=1 i)
_ /P
@ _ 1 ( p o 2/p 4 3/p 1. T/p> _ L1
I G pl(L+i)/r—1
(») 1 (p)
ay’ at rate 1 = —agp at rate ¢ /p
m Py /
a(n—ﬂ)) = a%)‘ + fo"™ where n =nq + f
1 . 1 _ 1
g = Z a@ = g a@ = 5
w_ 1 o) _ L
R I T g

@ = VT M2 S g = i = 0™ Ay = G — Om)
m| G = V"l = i) — G

. rmtn __st - — _ —
mllm = [ e tdt = Oy — G = V" amy

m|Gy = V" agy m‘d%)) = vmd%) mi(la)m = v (la)g
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Increasing Annuity:

(1a)

(Ia)m =v+20% + 30> + -+ + " =
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dﬁ! —no™

1
L
_ Gm—nv

(Id)m=1+2v+3v?+--  +nv"" 7 =1+ a5=+ (la)7=
=Y (fil rvtdt) i L
r=1 " 5
g — no"

(Ta)m = [, tv'dt =

TERM STRUCTURE OF INTEREST RATES

]

Factors causing interest rates to vary over time:

Spot Rates:

Term structure of interest rates:

Forward Rates: (Annual Effective)

Forward rate for the period (¢,¢+ 1):

Forward rate for the period (¢,t + 7):

Continuous time spot rates:

Continuous time forward rates:

Forward rate for the period (¢,t+ 7):

Instantaneous forward rates:

Yield curve:

Expectations Theory:

Liquidity Preference:

Market Segmentation:

Yields to maturity:

Par yields:

Supply and demand Base rates

Interest rates in other countries Expected future inflation

Risk associated with changes in interest rates Tax rates

n-year spot Rate of interest: Yn
1

Price of a n-year zero-coupon Bond: P, =(1+y,) "= 1+y,) =P, "

The variation by term of interest rates

f“:w,1: by
’ (1 +7)t P

(L4 y) ' (L+ fr)" = (L4 ype) " = P

1 oo p
(1+ iy = L) D
(1+w) Pror

t-year spot force of interest is Y;

-1

1
P=eVt=Y, = —ElogPt

ft,r = eFt"T -1

(t+7r)Yi, —tYs llog ( P, )

Ft - =
o T T Pt+7"

The instantaneous forward rate F} is defined as: F; = lin}) Fy
r—
1d
———P
Pdt '

Pt — e~ fot Fyds

Ft:

a graphical or tabular presentation of a collection of spot rates for various

maturities n

The rate charged for a longer-term investments contains information about

expected interest rates for future short-term investments

Lenders prefer short-term bonds over long-term bonds because longer-term
loans tie up their money for longer periods, reducing their flexibility to manage

their capital
The term structure emerges from these different forces of supply and demand

The effective rate of interest at which the discounted value of the proceeds of

a bond equal the price

1= (yen) (vy, 02, + 03 +... + v;’n) + 1vg,
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DURATION, CONVEXITY AND IMMUNISATION

Duration: A=Y Ctkvfk
k=1
n . d
Z tkctk vlk —A
Macaulay Duration: T= k:i = di
Z Otkvfk
k=1
ottt d
Effective Duration: v(i) = kzln = djél =1 T
Z Ctk v;‘fk o
k=1
D(I Rno™
Bond: = (a)m + Rnv
Dam + Ro™
n-year zero coupon bond: T=n

n 2
S Cote (b + D oikt2 4y
t=1 )

Convexity: c(i) = — = di
Z Ctkvfk
k=1
Al — A(i A 1 A 1
Small change in interest rates e: w = %—Z X 1 xe+1/2x 887 X 1 x el 4.
~ —ev(i) + 1/2%¢(i)
Immunisation: Asset cashflows { Ay, }, Liability cashflows {L;, }

Requirements for Redington Immunization: If same interest rate applies to all CF’s

(i) PV(Assets) = PV(Liabilities) (i) Va(ig) = Vi (io)
(ii) Volatility(Assets) = Volatility(Liabilities) (ii) va (i0) = vr (io)

(iii) Convexity(Assets) > Convexity(Liabilities)  (iii) c4 (i9) > ¢z, (i0)

EQUATIONS OF VALUE

with outlays of amount a;, and receive payment b;,

Net cashflow at time ¢,.: ¢, =by, —ay

s

i e 0t =0

=

Force of interest:

%
Il
-

=
(%)
B
<
~
3
Il
o

N

Yield equation:

ﬁ
I
=

) = p2(t) — pi(t)

e+ [ p(t)e0tdt =0 (discrete and continuous cashflows)

Net rate of cashflow at time t¢:

M= 3

Force of interest:

r

%
Il
-

NE

Yield equation: e, (L4+4) 7' + [;7 p(t)(1+14)~'dt = 0 (discrete and continuous cashflows)

ﬁ
I
A

Probability of cashflow:

Force of interest:

M=

e e Otrem i 4 [ p(t)e e dE = 0

ﬁ
Il
—

NE

Yield equation: pece (L4+3)70 + [ p()p(t)(1+4)"tdt =0

1

‘,
Il

Higher discount rate: et 4 I p(t)etdt =0

M=

%
Il
-

where &' =0 +
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Loan Schedules: Repayment X,
Outstanding Balance L; at time ¢,
Capital Repayment f;,

Interest b;

Prospective L= X0+ Xt+2v2 + Xt+3v3 + ..+ X,
Retrospective Ly=Lo(1+4)  — (X1(1+9)" + Xo(1 402+ ...+ Xp1(1+14) + X;)
L, fi, and b; at time t L=Ly= Xanp by =iLls_4 fn=Ln_1
Ln—l = anU ft = Xt — iLt—l Lt = Lt—l(l + ’L) — Xt
Year Loan outstanding Instalment Interest Capital repaid Loan outstanding
r—>r+1 at r at r+1 due at r+1 at r+1
at r+1
0—1 Lo 1 iLg X1 —ilyg Ly =Ly— (Xl — ZL())
t—t+1 L; Xt+1 m Xt+1 — il Lt+1 =IL; — (Xt+1 — ZLt)
n—1—->n L, X 1L, 1 Xn—ily, 1 0

Repayment payable more frequently than annually

Prospectively: Ly = Xt_H/pvl/p + Xt+2/pv2/p +. Xt
Retrospectively: Ly = Lo(1 +4)t — (X; (1+) VP 4 Xo(144)72P 4 Xi—1/p(1+ i)YP 4 Xt)
P P
FIXED-INTEREST SECURITIES
Security has No tax: P = Da%) + Rv"™
Security with Income tax: P =(1-1) Da? + Ru™ with income tax at rate t; on the coupons
Capital gains tax: The tax levied on the capital gain

(the price paid for a bond is less than the redemption)

Capital gains test: There is a capital gain if R > (1 — 1) Da%’) + Rv™ —i®) > (1 —1)

Ve

P" = (1 —t) Dal®) + Rv" — t (R — P")v"
Callable Bonds To calculate appropriate price:
If Bond is sold at a capital loss, assume Earliest Redemption date

If Bond is sold at a capital gain, assume Latest Redemption date

) D(1
Equity: P=>Y D! and P= M with constant dividend growth rate of g
t=1 t—g
x 1 B
Property: P=3 —Djypum
k=1
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Cashflows {Cy,,Cy,, ...,

Real rate of interest:

n
Payments related to the rate of inflation: > ¢, vlk =0 where C; = ¢;

Rate of escalation j:

Net present value:

Index-linked bonds:

C:, } and associated inflation index values {Q(0),Q (t1),Q (t2),...

REAL RATES OF INTEREST

n Ctk
TR

Real yield — 1 4 Annual rat.e of interest _q R v
1 + Inflation rate

QW)
= Q(0)

= (14 j)tc; and p°(t) = (1 + 5)'p(t)

+fo

t
v;F =0

NPV;(i)=> (14 7)1+ i)~ +1)7tdt
=3¢ (1+1dg)” +f0

R DQKR) £ LQM) .,

2200 " T

PROJECT APPRAISAL

J(1+5)t1
1+Zo) dt

P =

Net cashflow ¢; at time ¢

Net rate of cashflow per unit time at time p(¢):

Net present value:

Internal rate of return:

Discounted Payback Period:

Accumulated value:

Accumulated profit:

¢; = cash inflow at time ¢ — cash outflow at time ¢

p(t) = p1(t) — p2(t)

where p1(t), p2(t) denote the rates of inflow and outflow at time ¢ respectively

NPV(i) =Y ci(1+4)t + fo )~tdt

For the transaction is the interest rate at which the value of all cashflows out is

equal to the value of cashflows in.

At) = Y s (L4 50) 7+ [y p(s) (L +51)" " ds
s<t
AT) =Y (1 +4)T— t—i—fo (1 +i)Ttdt

P=At) A+ "+ X ee(+42) " 4 [ p(t) A+ o)t
>t

Survival probability:
Mortality probability:

Formulas:

ACTUARIAL NOTATION

Pz = Pr(T; > t)

tqx = 1 —pr = Pr (T, < t)
t+sPx = tPx sPax+t = sPx tPax+s
t+s9z = tqx t tPz sQu+t

t|sdz = tPz sdzx+t = tPx — t+sPz = t+sqz — tdx

LIFE TABLES

Number of lives:

Number of deaths:

Formulas:

lp =g X g—aPa for a < x < w where w is referred to as the limiting age of the table

tdz == l:v - l:v—i—t

t+a:7apo¢ lw+t la la:th

tpm:m: L XE: B
njmls = ma;z"’” _ lagn _liw+n+m
Pr(K, = k| = )¢z
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Definition:

Formulas:

FORCE OF MORTALITY

Uzt = 0 = constant

tPr = e~ fot Haotsds B ff+t psds

t
tdz = fO sPx Motsds

— t p— p—
t—sPz+s = € Js patrds — g=ult=s)

k-year select period:

Expectations:

Second moments:

Variance:

EXPECTED FUTURE LIFETIME

SELECT SURVIVAL MODEL

Qa)4r < Quir for r <k Dla]4r > Patr for r <k

A[z]+r = Qa+r forr >k Plz)+r = Pa+r forr >k

U] 4t+1

Uiy = dig)tr = Ualtr — Ua)tr
[z]+t (1= qa 1) [#]+ [#]+ [#]+r+1

o l[z]+r+n - l[m]+r+n+m
n|lmA[z]+r =

lz+7’ - lac+r+n
e = Aaltr — Maltrdn

l[m]+r l[w]+r

E [Tz] = gz = fOOO t 1Pz ,U/ertdt = fOOO tpzdt
E[Kz]zexzzkkPZQw—i-k:Ekk\QI:kazzg_l/Q
k=1 k=1 k=1

E[T?] = [;° 2pa paredt = [J° 2tpydt

E[KZ] = 3 ke ok = 2 2k — 1) kpe =2 3 k kpe — €x
k=1 k=1 k=1

Var (T,) =F [Tgf] -k [Tx]2

Var (K,)=E K% - E (K]

UDD between integral ages:

CFM between integral ages:

APPROXIMATIONS

t—s)q
lm+s = lm - Sdz — sQz = f(f qmdt = 54, t—sqe+s = <1 ) z
— Sqx

lm+s =1, x (pz)s — sPx = (p:c)s t—sPx+s = (pm)tis

t _ _
t—sPrts = €XP {— /. ,U/aerrdr} = e~n(t=s)

These are for 0 < s,t <land 0<s+t<1

Assurance (Discrete)
Whole Life Assurance:
Term Life Assurance:
Pure Endowment:

Endowment Assurance:

ACTUARIAL FUNCTIONS

[ee] [ee]
Ay = E [o5H] = 3 0"y g, = 30 0" pe gog
k=0 k=0

n—1 n—1

Aglgm = E[F] = Z karlk\qﬂU = Z UkJrlkpm qz+k

: k=0 k=
A 1 = E[G] = "Unnpz
x:n|

=k K

Aw:m = E[H] = Z v * k\q;zz +,Un"pw = E v + kPz Qz+k +vnnpm
k=0 k=0

oo
A[l] = Z pk l;\.‘q[;l‘]

k=0
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Assurance (Continuous)

Whole life Assurance: Ay =E W] = [T v'pe potedt
A= [y (Ut)2 tPx Haotedt
Term Life Assurance: A%'ﬁ! = E[F] = fon L NTIY,
T n 2
2A§::m = Jo (Ut) tPx Ma:+tdt
Endowment Assurance: Ay = EH] = fon V4D petdt + V" Py

n n 2 n
2Az:m = fo (Ut) tPa Patdt + (U )2 nPx

nm—1
Assurance (mthly): Aiﬂ; = kX_:O Uk/m+1/mk/mpx 1/mYz+k/m
Relations: A, = f_lglmm + n|/_19; = Aiiﬁ! + 0" ps Apin
Az = A%n + v nPe Az+n
A$n—A1 +A 1:1211 +Unnpcv
n LD z:7]
Apm=4A1 _+A 1 =4, _ +0",ps
n EHD z:m]

n|Am =A, - A%m = Unnprw-f-n

VARIANCE OF PRESENT VALUES

Death benefit paid Death benefit paid
Policy at the moment of death at the end of the year of death
Whole life insurance Var [o7+] = 24, — (4,)° Var [05= 1] = 3 (0F11)? g, — (A,)?
k=0
. _ _ 2 2
n-year term insurance Var[F|] =24, - (Al ) Var[F] =24, — (Al )
T:m| T:m| x:n| x:n|
n-year endowment insurance | Var[H| = QAx;m — (Az:m)Q Var[H] = QAx:m — (Ax:m>2
2
n-year pure endowment Var[G] =24 , — <A 1>
T:m| x:n|
n-year deferred life insurance Var[j] = %\Am — ("\Ax)2 Var[J] = i‘Az — ("|Aw)2
APPROXIMATIONS
UDD between integral ages: A, = %Am Aalc:ﬁ! = %A}C:m Ax:m # %Ax:m‘
. S a2
(m) _ 1 97 2itiT,
A = Fen) A, A, = 55 A,
. . T N1 n 1
Claims acceleration approach: A, = (1+41)"2 A, A}c:m = (1+40)" Aalj:m
AT — (1405 A, 24, = (1+4) 24,
) _ A\ 1/2 1 o N1/2
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Annuity (Discrete)

Whole Life Annuity

Paid in advance:

Paid in arrears:
Temporary Annuity
Paid in advance:

Paid in arrears:

Deferred Annuity:

Guaranteed annuity

Paid in advance:

Annuity (Continuous)

Whole Life Annuity:

Temporary Annuity:

Relations:

Assurance to annuity:

ACTUARIAL FUNCTIONS

o0
a, = F [am} ZO jpxyj
j=

@ = F o] = 2 agute = X jpe0?

n—1 n—1

la:m = E [ OMIN[K, +1, n}] = kZO )kl Qe + GmnPe = ‘Zo Pz
= =
n—1 n )
g = E [aMIN[Kz,n]} = kzl agk|9e + AmnpPe = ‘21 jPxv’
= J=

- k
n\a’l = Z V" kP
k=n

n—1

g = E [dMAX[KfH,n]} = Z amk|qz + Z fl‘mq@« =dm + Z DV’

n—1

Oz = 2 [aMAX[Kl,n]} = kz; amk| 9z + Z aplk| 9= = am +] %:HJPIUJ
o0 (,l m/ 00

( 1 x . .
(m) _ Z Ft/m fifs] = Z kD] 'l‘]'

m =1 ly 0

Gy = E [@ij} = aqiPe fatrdt = Iy~ vt ipadt

Az = E [aMIN[Tm,n]} = fon a7tPe frattdt + Gmnpe

Gy = @m:m + n|@;v
__ n _

n|d, =V ' nPz Az+n
IT aT +n|a:r

az =14 ay

Ay = UPrQg+1

Gy = iy —1/2
v 2m
. 1 - Aw
Ay = p]
(m)

@] = d(m)

. 1 — A
Ualml = ——g

Qg = Qg7 + n|Q,
n|d, =V ' nPz Az+n

IT a7+n|a

Gy = Qg:m + n|Q,
—
n|Q, = UV ' nPz Az+4n

Uy = Om + n|G,,

dw:m =1+ am:ﬁ‘ =1+ Qg:m] — Unnp;v

am:m = prdx+1:m

t
1|y = Gy — —
m

m

. _ . 1.
Ui = ey — 1/2(1 = 0"pe) (T10)g = ([d)y — iax

Gy

m 1 m
jom) _ L om)
m

_ _1_Aw
Ay = 5
1—A,.
x:m|
ax:m— d

(m) o m—1
T
. 1= Ap
Alz) = d
1— A,
@]
ax:ﬁy— 6
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VARIANCE OF PRESENT VALUES

Policy Paid continuously | Paid in arrears Paid in advance
24, — (4,)° 24, — (A,)? 24, — (A,)?
Whole life annuity zT(JE) xT(x) mT(m)
- - 2 2 2 2
*Apim — (Awim) Ag g — (Alﬁm) *Avim — (Awim)

n-year term annuity

02 d? d?

2 2
v2anx + Z‘Am - (UanQ + n\Az) U2nn‘1z + i|Aw - (vanw + n|Aac)
d? d?

RETROSPECTIVE ACCUMULATIONS

Fo(L) _ EF.(1)]

Guaranteed annuity

Retrospective accumulation:  lim =
L—oo Ln nPx
Fn L nrx
Pure Endowment: EF,(1)] = nps — lim (L) _nPr 4
L—oo Ln nPz
1+4)"AL
Term Assurance: EF,(1)]=01+ i)”A;:m - Lh—>H;o F’i(nL) — ( nlz z:7]
F,.(L 14+ 4)"dgm
Temporary Annuity-due: EF,(1)] = ((1+1) de:m - lim (L) — (1 + )"z
L—oo Ln nPx
1 ) nnw'n
Accumulation value: Spm = w
npw
VALUING VARIABLE BENEFITS AND ANNUITIES
N 3 dz 2 d:z:+1 t+1 dert
Expected present value: szl— +Yo41v i +... 4+ Y, - + ...
x x x

with payment Y, when death occurs in the year of age (z,z + 1)

l l l
EPV of an annuity: F$+11;L+1 + Fpyov? z+2 tlatt

ly la ly

with amount F,; payable on survival to age x + ¢

+~--+Fz+tv

+...

1 )
Payments varying at mAg: with payment (1+b)* when death occurs in the year of age (z+k, z+k+1)
a constant compound rate o (1+9)
where j = -
(1+0)
Immediate annuity: aJ with amount (1 + ¢)* payable on survival to age x + k
o (1+9)
where j = —
(I+¢)
Payments varying by Payment k + 1 when death occurs in the year of age (z + K,z + K + 1)
constant monetary amount
oo
Increasing whole life assurance:  (IA), = Y (k+ 1)v" g,
k=0

lfl}' n
=([A), — "Unl; Az 10+ (IA)ztn]

D
Increasing endowment assurance:  (IA) .z = (IA)}.7 +nA .0 = (IA)L5 +n [T’;rn

x

Increasing temporary assurance:  (IA)}

3

Decreasing temporary assurance: (n +1)A} o — (I4)} o

o0
Increasing whole life annuity: (Ia), = > kvFip,
k=1
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Increasing whole life annuity due:

Increasing temporary annuity:

Decreasing temporary annuity:

Unit-linked contracts:

Unit-linked assurances:

Guaranteed benefits:

UNIT-LINKED AND WITH-PROFITS CONTRACTS

Exam CM 1 Formula & Review Sheet

(Ti)s = 3 (k + ks

(Ia)w:m = (Ia)a: N Un% [naﬂﬁ-l-n + (Ia')a:-‘rn]

(n+ Dz — (18)2m

Have benefits which are directly linked to the value of the underlying investments

Each policyholder receives the value of the units allocated to the policy

(1) on death during the policy term, the higher of a fixed sum assured or the value

of units might be paid

(2) on survival to the maturity date of the policy, a minimum guaranteed sum

assured, or a minimum average unit growth rate, may be applied

Conventional with-profits contracts

without profits basis

with-profits basis

Simple bonus:

Compound bonus:

Super-compound bonus:

both the premiums and benefits under the policy are usually fixed and guaranteed

at the date of issue

the premiums and/or the benefits can be varied to give an additional benefit to the
policyholder in respect of any emerging surplus of assets over liabilities following a

valuation
the bonus rate is applied to the basis sum assured
the bonus rate is applied to the basic sum assured and bonuses added in the past

two compound bonus rates are declared every year, one applying to the basic sum

assured, and one to the bonuses added to the policy in the past

Accumulating with-profits contracts:

Accumulating fund at time ¢:

Contractual benefit

Unitised with profits (UWP):

Benefit

www.ACTEXLearning.com

F, = (F;—1 + P) (1 + b;) with annual premiums of P and annual bonus interest b;

F,=(Fi—1+ P)(1+g) (1+ b,) including a guaranteed bonus interest rate of g per

annum
B; = F; +T; where T is the amount of terminal bonus payable on a claim at time ¢

Method (1) the unit price allows for guaranteed bonus interest increases only; the
discretionary bonus is credited to the policy by awarding additional (bonus) units

from time to time.
Method (2) the unit price allows for both guaranteed and bonus interest increases.

max [S, By] = max [S, F} + T¢]
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Joint life functions
Random variable:

CDF of Ty,:

Density function of T7,:

Joint life table:

Probability function of Kg,:
Last survivor function
Random variable:

CDF of Ty,:

Density function of Tz
Probability function of Kz:

Relationship:

Assurance functions:

Continuous joint life:

Continuous last survivor:

Discrete joint life:

Discrete last survivor:

Annuity functions:

Continuous Annuity:

Discrete annuity due:

Discrete immediate annuity:

Relations:

www.ACTEXLearning.com

FUNCTIONS INVOLVING TWO LIVES

Exam CM 1 Formula & Review Sheet

Tyy = min {T,, T}
FT.L'y(t) :P[Tfry St] = 1_tp:ry = 1_P[Tw >t]P[Yy >t] = 1_tpwtpy

I1o, (1) = tP2tDy (Hatt + Hyst) = tPay Mottt

lovi Lyrt  Aogpyst
Doy = Z; : Zy = xij where £y, = (0,
d 1 d
dmy = Ezy_ngrl:erl ey = gﬁ Matt:y+t = _mafﬂc+t:y+t = PptttHy+t
zy z+ty

PKyy =kl =Plk <Tuy <k+1] = quy

Ty = max{T,,T,}
Fr,(t) = P(Teg <] = P[T, <t] P[T, <t] = (1 —pa) (1 = 1py)
= Fr,(t) + Fr,(t) — Fr,,(t)
J1y (t) = tP2 Pagt + ePyltyst — tPetPy (Mgt + tytt) = fr, () + fr,(t) — fr,, (1)
PlKzy =kl =Pk <Tey <k+1] = k@ + k% — k|qay
Toy + Ty = min {T,, T, } + max{T,, T, } =T, + T
Kyy+ Kzy = min {K,, K, } + max {K,, K,} = K, + K,
Status u could be any joint lifetime or last survivor status, e.g. zy, Ty
Ay =E[Z,) = [[Z7 v fr, (t)dt
Var (Z,) = 24, — (4,)°

_ e - <2

Axy = ftt:O Uttpa:y Uac—&-t:y—&-tdt 2A;cy - (Aa:y)

_ t—o0 _ _ _

Az = Jio V' (tDe fatt + tDyly+t — tDay Haotty+t) At = Ay + Ay — Agy
- — N2 - - - - - N

Ay — (Aag)” = (PAp +24y = 2Agy) — (Ao + Ay — Agy)

oo
_ 41
Azy = Y 0"y
t=0

Agg = Ay + Ay — Agy

2A$y - (Awy)z

2Ag — (Amp)” = (PA, +24, —24,,) — (A + Ay — Ayy)°

E {aﬂ] =a, = [}y agfr, (t)dt = 5

Var (aﬁ!> = Var (1 (;)Tu) = 6% {szlu - (Au)2}
Ay

.. 1- 1

- L {ra- o)
(1 — d) - Au 1 2 2

a%l) =al™ + a?(,m) — a(zZl) X a, +ay — agy + 21

Agy =1 — didg, Ay =1— 8ty

Ay = 1 — diizy Azy =1 — 0azy
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CONTINGENT

Contingent probabilities of death

Events:

Probability:

Relations:

Contingent assurance:

Relations:

Reversionary annuity:

Assurances functions:

Relations:

Annuity functions:

Relations:

JOINT LIFE FUNCTIONS DEPENDENT ON TERM

éy, the event that (z) is the first to die of two lives (z) and (y)

%y, the event that () is the second to die of two lives () and (y).

t= = t=
nQchy = ft:()n tPx Mzttt {f;:too sPyMy+s * dS} dt = ft:()n tpa:yl/«x+tdt

=
nqucy = tzon (1- tpy)tprﬂx+t “dt = pqe — nQéy

nqz = nq% + nq: nq2 = nqi  — nPzndy
y Ty Tx Tx
nq%z = 1/2n%c;c ooqcéw = OOQEM = 1/2
2

_ _ e _ _ _
Azlcy =E[Z) = [[_) v'tDay toredt Var(Z) = zAéy - (A}Ey>
_ 00
A;y = = +1tpqux~1+t:y+t
Axy:A;ll +A1 Ax:Al +A2

Ty Ty Yy Yy

1A, J2A
A, = (144)7'A,
_ o Agy — A =00 4
Qzly = E[Z] = Oy — Qzy = = § L= ‘/;f:ooo Utay+ttpzy,um+tdt
Ay — A

ayly = B[Z] = ay — azy = %
afy) = ay™ - afy)

A;?:m = [ 0 Pyttt edt
A%y:m - tt on V Doyt tedt
A = nDayV"

xTyY: —’
Ay = Awy - + A, _1’
Aﬁ ) = =A, 2+ A Awy:ﬁ!
Ay = A1n+Ath%y:m

Ozy:m) = ft:o Vi Py dt

Umlly = n|Gy = Gy = Gy:m)

_ _ o _ n _ _

Qy:m) — Oy = Ay — Qgy — VU 'nPay (a‘y+n - aern:ern)

_ n _ _
Ay + V" nDyGgiytn — Qzy

Uzgm = Qo:m + Qyim) — Aoy
(m) _ g (m) o a(m) (m)

O = Oy

(m) -1 n €z+n€y+n
azy:_, azy 7 + W (]. [ W

(m) (m) ~ m—1 nngF"E +n n f +n
ay:m gy n] T QAy:m) — Qzy:m) + m (U gmgz —-v Zy
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MULTIPLE TRANSITIONS

Multiple state model:

Transition probability:

Forces of transition:

EPV of lump sum
EPV of annuity

EPV of premium

Multiple decrement model:

Probability:

O’I
H = healthy S = sick
P
Ha: Uz
D = dead

+p¥ is the probability that a life aged

who is currently in state ¢ will be in state j at time ¢.

+p% is the probability that a life aged x

who is currently in state ¢ will be in state ¢ at time ¢.

tp? is the probability that a life aged =

who is currently in state ¢ continuously will be in state ¢ until time ¢.
thy =exp | — fo > N;]-s-st
J#i
fooo e ot (tprﬂert + tPfSUzH) dt
J et plSat

fooo e % pHH gt

Ox

Healthy (H)

Sick ()

I

Dead (D)
(aq)f = 1pi”

(ap)s + (aq)s + (aq)f =1

(aq)s = 1pi® (ap)o = 1p
(aq). = (aq)} + (aq)?

(ap)s + (aq)z =1

g

g

Transition probability: ap), = e~ (o)t aq)® = 1 — e~ (uto)) = aq) .
1% y t(p) (Q)z Iy U( ) Iy U( Q)
a_ _H _ e~ (pto)
a = 1—e
(a9); w+o ( )

di —
f=1—e*

¢G=1—-e?—=0=—-In(1-¢3)¢q

(ad)’; + (ad)’iﬂ +. (ad)’;Jrnfl

Multiple decrement table: (aq)k = (aD)s n(aq)h = (al)s
a - (al)w_H a _ (al)x-i-n p k _ (ad)];Jrn
(ap)s = (al). n(ap)z = (al). ni(aq); = (al),
(al)et1 = (al)y — X (ad)}
(aq); G

Associated single decrement table:

1Pl = exp { (— J ui+sd8)}

(ap)l, = pd for all j and all =

tq3 = fo spjmﬂi:+sd5
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GROSS PREMIUMS

Equivalence principle: E [Net future loss|= EPV (Benefits) — EPV (Premiums) = 0
E [Gross future loss|= EPV (Benefits) + EPV (Expenses) — EPV (Premiums) = 0
L: present value of the future outgo — present value of the future income
I: initial expenses in excess of those occurring regularly each year
e: level annual expenses
f: additional expenses incurred when the contract terminates

Annual premium contracts

whole life assurance Discrete SA, + 1 +ed, + fA, = Giy
Continuous SA, +1I+ea, + fA, = Ga,
Endowment assurance Discrete SApm + 1+ edy + fArm = Glgm
Continuous Sflx:m + 1 + el + fA, = Gay.m
Conventional with-profits contracts: Sl i bAé +1+ei, + fA, = Giy
Premiums payable m times per year: SA, +1+ edém) + fA, = Gdc(gm)

RESERVES

Prospective reserves
Net premium reserve: V" =FE[LL| T, >t] = EPV; (Benefits) — EPV; (Net Premiums)

Gross premium reserve: VI=ELL9| T, > 1

= EPV, (Benefits) + EPV, (Expenses) — EPV; (Gross Premiums)

whole life assurance Discrete SAgyt + €y + fArtt — Glgat
Continuous SApit + €lyys + Az — Glgyy
Endowment assurance Discrete SAp =g + €y =y + [ A i — Glgrny
Continuous SAzH:H + ety pnmg + fAert;ﬁy = Gy 5y
Last survivor assurance both z and y are alive: (Vo = Azggyr — Prglarigse

y had previously died: Vay = Aptt — Prylat

Retrospective reserves

- : . . L e [ v (m) il = (m) _ gl
Gross premium reserve: e (1+4) {Gaz:ﬂ — SAz:ﬂ o ed, 3 — fo:ﬂ}

If: 1. the retrospective and prospective reserves are calculated on the same basis; and
2. this basis is the same as the basis used to calculate the premiums used in the reserve calculation

then the retrospective reserve will be equal to the prospective reserve.

RECURSIVE FORMULA

Gross premium Reserve: WV'+G—e)(14+1i) = qut(S+ f) =1 — gugt) eV’

Profit over the year: PRO,= (V' +G—e)(14+1i) — gutte(S+ f) = (1 — qugt) 12V’
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NET PREMIUM

A
Discrete: P, = ﬁ P, = “},m Prm = %z:m
Qg z:7 a:c:ﬁy ’ az:m
_ a -
_ A _ L _ A,
Continuous: P(A,) === P (Al ) = A P (Apm) = ]
Qg r:n| Qg o] az:m
Net premium reserve
d A — A
Whole life assurance Ve=1-— QTH . . i
Ay 1-A,
P A .—— A,
Endowment assurance Ve=1— mﬁﬁ’ — Zattind] S
az;m 1- Az:ﬁy

MORTALITY PROFIT

if the life survives to t + 1

Death strain at risk (DSAR): DS =
(S —¢41V) if the life dies in the year [¢,¢ + 1)
Max(S — ¢+1V) is death strain at risk
Recursive I'elationship: (tV -+ P) (]. -+ Z) = Qx+tS +pm+tt+1V = t+1V -+ Qr+t (S — t+1 V)

Expected death strain (EDS): EDS = g4+ (S — ¢+1V)

if the life survives to t + 1

Actual death strain (ADS): ADS=

(S —¢41V) if the life dies in the year [t,t + 1)

Mortality profit: Monthly Profit = Expected Death Strain — Actual Death Strain
Mortality profit on a portfolio of policies

Total DSAR

> (S=eV)

all policies

Z qz+t (S - t+1V)

all policies

= Qz-i-t( E

all policies

Total EDS

(8= t+1V)>
= ¢pt(total DSAR)
> (S=V)

death claims

total EDS — total ADS

Total ADS

Mortality Profit =

0 if the life survives to t + 1

DS payable immediately: DS =

(S(L+1d)/2 — 41V)  if the life dies in the year [t,t + 1)

Allowing for survival benefits

Recursive relationship:

(tV4+P)(141i) = quitS + Dott (+1V+R) =1V + R+ Gopt (S — (141V + R))

0 if the life survives to t + 1
DS: DS =

(S = (¢.41V + R)) if the life dies in the year [¢t,t + 1)
EDS: EDS:qx+t (S - (t+1V + R))
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Evaluating expected cashflows

PROFIT TESTING

Premiums received and their times of payment

Expected expenses (from the basis) and their times of payment

Contingent benefits payable under the contract

Other benefits payable under the contract

Other expected cash payments

Other expected cash receipts

The reserves required for a contract

Example: Whole life assurance

Income

Expenditure

Profit vector:

Profit signature:

Internal rate of return:
Net present value:

Profit margin:

Zeroising Negative Cashflows:

Single financing phase

at outset:

Cashflows:

www.ACTEXLearning.com

Premiums

Interest on Reserves
Interest on Balances
Expenses

Expected Surrender Value
Expected Death Claims
Transfer to Reserves
Profit

(PRO),

(PS)t = tfl(ap)m(PRO)t

IRR

NPV=3 (1+i4)"" (PS);
t=1
NPV

M =
EPV(Premiums)

P (from data)

iS4V

(P —e)i

e (from data)

(G‘I)ﬂ]ﬂ “(5V)ia
(aq)ihy g S

(ap)ig)4¢ -S4V =SV
Balancing item

(PRO)o usually contains pre-contract expenses

only.
Note that IIy = (PRO)y.

Such that Y % =0.
k=0

The process of calculation of the non-unit reserve

The profit signature has a single negative value

(funds are provided by the insurance company) at policy duration zero

1. Equation of Value: (NUCF); + -1V (1 +is) — (ap)syt—1V = (PRO);

2. m : the greatest duration ¢ for which (NUCF), is negative.

3.V =0fort>m.
(NUCF),,,

4. m— V:_i.
! (1+4,)

5. Formula for adjusted cashflow:

(NUCF)!

Need Help? Email support@actexlearning.com

m—1 —

(NUCF)mfl - (ap):chme m,1V
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6. Choose one of the 2 paths depending on whether the adjusted cashflow is positive

or negative:

a) If (NUCF)/,_; > 0, then:

(PRO),_1 = (NUCF)/

m—1

b) If (NUCF)/,_; < 0, then we repeat the process establishing non-unit reserves

m—2V at policy duration m — 2, then
(NUCF),,_1 + m—2V (1 +is5) = (PRO)m_1

and choose ,,,—2V so that (PRO),,—1 =0, i.e.

(NUCF)!

_ m—1

m,V— e —
2 (1+1,)
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