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Al.1 PROBABILITY

P[BNA]
P[A]

Conditional Probability of Event B Given Event A: P [B|A] =

Probability of Event B Partitioned by Events A and A’:
P[B]=P[BNA|+P[BNnA'l1=P[B|A]-P[A]+ P[B|A']- P[A]

; : _ P[ANB] _ P[B|A]- P[A]
Bayes” Rule: PIAIBl = =55 = PIBIAT PA + PBIA] P41
Independent Events A and B: P(AnB)=P(A)- P(B), P(A|B)=P(A) or P(BJ|A)= P(B).
k
Mutually Independent Events: P ( N Aij> =[] P(4;).
j=1 i=1
Factorial Notation: nli=nxm-1)xnN—-2)x--+x2x1

0! is defined to be equal to 1.

Permutations: The number of ways of choosing an ordered subset of size k without

replacement from a collection of n objects:

=R =nxn—-1)x---x(n—k+1)

and is denoted by ,, P or P, or P(n, k).

Combinations: the number of ways of choosing a subset of size k < n without replacement

and without regard to the order in which the objects are chosen:

n!
k- (n—k)
which is usually denoted by (2), or ,Cr, Cp, C(n, k), and is read “n
choose k.
|
Binomial Coefficient - Number of Subsets of Size k From a Collection of n Objects: <Z> = ﬁ
l(n—
DeMorgan’s Laws: (AUB) =A'NB and (ANB) =A"UB'.
Inclusion-Exclusion Equations: P(AUuB)=P(A)+ P(B)— P(ANB)
P[AUBUC] = P[A] + P[B] + P|C]
— P[ANnB]-P[BNC|—P[ANC]
+ P[ANBNC]|
Central Limit Theorem: Suppose that X is a random variable with mean p and standard deviation
o and suppose that X, Xo, -, X, are n independent random variables

with the same distribution as X. Let Y,, = X; + Xo + -+ - + X,,.

Then E[Y,] = nu and Var[Y,] = no?, and as n increases, the distribution

of Y,, approaches a normal distribution N (nu,no?).

Copyright © ArchiMedia Advantage Inc.

www.ACTEXLearning.com Need Help? Email support@actexlearning.com ‘ All Rights Reserved


https://www.actexlearning.com/exams/capstone-cia/all-in-one
https://www.actuarialuniversity.com/hub?tags=27BF02AE-1B42-46FB-AEF0-58AE9C3EE2FA
https://www.actuarialuniversity.com/hub?tags=64F552D0-C474-42DD-915F-0F2A6ED2C20B
https://www.actuarialuniversity.com/hub?tags=0FDD3B56-C405-486D-8548-6902A8C736C7
https://www.actuarialuniversity.com/hub?tags=60630917-1621-40F7-99CF-BB04C86160DD
https://www.actuarialuniversity.com/hub?tags=19B438C5-3963-41D6-B84F-0BF0182AD379
https://www.actuarialuniversity.com/hub?tags=1118B1FD-5CF4-43C8-B8B4-23F5AE2896DF
https://www.actuarialuniversity.com/hub?tags=70E000FC-15F2-41C7-90E8-FB66923F3063
https://www.actuarialuniversity.com/hub?tags=70E000FC-15F2-41C7-90E8-FB66923F3063
https://www.actuarialuniversity.com/hub?tags=f3364e8f-c8fd-4823-86cd-a7d7bb451268
https://www.actuarialuniversity.com/hub?tags=d2294359-d117-4e51-8038-010df0429cea
https://www.actuarialuniversity.com/hub?tags=402BB898-59D4-419A-9883-1C52D779C8AD

© ACTEX Learning A1. Probability Formula & Review Sheet

A1.2 UNIVARIATE RANDOM VARIABLES

Probability Mass Function of a Discrete Random Variable:

Denoted p(z), px(x) or p,, equal to the probability that the value x
oceurs, P(X = z).

Probability Density Function of a Continuous Random Variable:

Denoted f(x) or fx(x), and it must be non-negative (f(z) > 0) on the

intervals on which X is defined.

The probability that X is in the interval (a, b) is defined as

Pla< X <b):= /b f(x)dx.

Distribution Function & Survival Function of Random Variable X:

Fx(t) = P[X <1 Sx(t) =1 Fy(t) = P[X > 1
F(z)= [T f(t)dt & F(2) = F(z) = -5'(z) = f(2)
Hazard Rate Function: h(z) = @) __4 log(1 — F(x))

1—F(z) dx

Conditional distribution of X given event A:

1{)(2) if £ is an outcome in event A
Ixja(z|A) = (4)
0 if z is not an outcome in event A

Expected Value of Random Variable X:

E[X]= > xipx(z;) (discrete)

all xz;

E[X]= ["_ 2 [x(x)dr (continuous)
Expectation of h(z): If h is a function, then

Z h(z)p(x) if X is a discrete random variable

Eh(X)] =] o
/ h(z)f(z) if X is a continuous random variable

— 00

For any constants a1, as and b and functions hy and ho,
Ela1h1(X) + asha(X) + b] = a1E[h1 (X)] + a2E[h2(X)] + b

As a special case, E[aX + b] = aE[X] + b.
Moment of Random Variable X: If n > 1 is an integer, the n-th moment of X is E[X™].

If the mean of X is p, then the n-th central moment of X is E[(X — u)"].
Variance: Var[X] = E[(X — )% = E[(X — E[X])?]

Var[X] = E[X?] — (E[X])?

If a and b are constants, then Var(aX + b) = a*Var(X).
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Standard Deviation: ox =4/ Var(X).
Coefficient of Variation of X : % or Ej‘f[))((]
Percentiles of a Distribution: If 0 < p < 1, then the 100p-th percentile of the distribution of X is the

number ¢, which satisfies both of the following inequalities:
P(X <c¢p)>pand P(X >¢,) >1—p.

Median of the Distribution of Random Variable X:
Smallest m for which Fx(m) = .5
Mode of the Distribution of Random Variable X:
The point ¢ at which px(c) (discrete) or fx (c) (continuous) is maximized.

Discrete Uniform Distribution on the Integers 1,2,...,N:

\ 1 _ ] N N +1 ) N2 —1
py (k)= N for k=1,2,...1 N E[X] = 5 Var[X] = o
Binomial Distribution for n Trials and Success Probability p:
px (k) = (;T)ﬂ"('l . E[X] =np Var[X] = np(1 —p)

Geometric Distribution on the Integers 0,1, 2,... and Parameter p:

px (k)= (1—p)kp E[X] = & Var[X] = 2'“
p p
Poisson Distribution with Mean A:
e MNP . ,
px (k) = +— for k=0,1,2,... E[X] = A Var[X] = A
Negative Binomial Distribution: Two Parametrizations
Successes-Probability Form (Parameters p and integer v > 1):
y+x—1\ ., : (1 — y(1 —
px(z) = < o >p'(‘l -p)?*,x=0,1,2,3,... E[X] = 1d=p) Var[X] = (7)'[))
T P P

Mean-Dispersion Form (Parameters pu and integer v > 1, as in R):

y4+ax—1 0 ' L ! u?
() =" : . EX|=u Var|X] = L
px (@) < T > <”> +/‘> <7 +/1> )= arlX] =t g

x=0,1,2,3,...

1—
Conversion: p = Bl p)’ p= i
p YK

Note: Use Mean-Dispersion form for R simulations (rnbinom(n, size=y, mu=p)).

Hypergeometric Distribution:

\ (11\>(\,{7{\> . i o nK(M — K)(M —n)
px () = BN EBIXT =7 VarlX] = — 50— 1)

n

for max{0,n — (M — K)} <z < min{n, K}
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Continuous Uniform Distribution on the Interval [a, b]:

o . . +0b b—a)?
fule) = — fora<z<b Blx) = var(x] = 12”)
Standard Normal Distribution N(0,1) (Mean 0, Variance 1):
1 2/ .
o(x) = \/ﬂ('ﬂ‘ /% for —oco < x < 00 Fx(z) = ®(x)
Normal Distribution N(u,0) (Mean p, Variance o2):
1 2 /6 2 , xTr —
o(x) = e~ @=1)7/207 for —oo < 1 < 00 Fx(z)=2® (1 //>
: oV 2w o
Exponential Distribution: Two Parametrizations
Mean Form (Parameter 6 > 0):
fx(x) = 5(27" /9 2 >0, and fx(z) =0 otherwise E[X] = Var[X] = 62
Rate Form (Parameter A > 0):
1 1
fx(x) =Xe ™, >0, and fx(z) =0 otherwise E[X] = X Var[X] = v
1 1
C jon: 0= -, A==
onversion 3 7
Gamma Distribution: Two Parametrizations
Shape-Scale Form (Parameters a > 0, 0 > 0):
a—1_,—x/6 i i 5
fx(x) = ;, x>0, and fx(z) =0 otherwise E[X] = af Var[X] = ab*
‘ 0T ()
Shape-Rate Form (Parameters o >0, 8> 0):
B l(, 31 ) \ R « - Y
fx(x) = , x>0, and fx(z) =0 otherwise E[X]= — Var[X] = —
Y I'(«) 6] 32
1 1
Conversion: 6 = B, 8= ]
Lognormal Distribution with parameters p and o:  If In(Y) ~ N(,0%) then we have

1 1 (In(y) — ,u>2 o2 2
= exp| —z | ——— , E[Y] = et VarY:EYz(e” 71>.
et p< ; (22 v v]=BlY]
Beta Distribution with parameters a > 0 and 8 > 0:

20711 — 2)f~1 I'(a+ B) ga-1

- = 1— )81, BlX] = ——, Var[X] = ab .
HO= e e Y T N TR RS
for 0 < z < 1 and 0 otherwise.
Moment Generating Function (MGF): Mx(t) = E [¢¥]
Probability Generating Function (PGF'): Px(t) = E [t¥]
If X is discrete then Mx(t) = Z e . p(x), Px(t)= Z t* - p(x).
If X is continuous then Mx(t) = / e op(a)de, Px(t) = /tm -p(zx)dx.
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The moments of X can be found from the successive derivatives of Mx (t):
Mx (0) = E[X],
M (0) = E[X?],
M““(O) =BX"],

dt2 log[MX( )] = Var(X)

If X has a discrete non-negative integer distribution with pr = P[X = k| and the probability generating function Px(t),

then
pr =75 P (0)
Py(1) = |7, xf(2) dv = B[X]
PL(1) =E[X? - X] = E[X?] - E[X]
A1.3 MULTIVARIATE RANDOM VARIABLES
Cumulative Distribution Function: F(z,y) = Xw: Zy: f(s,t) (discrete).

F(z,y) = [*_ |*. f(s.t)dsdt (continuous).

Marginal Distribution of X From Joint Distribution of X and Y:

pxla) = 3 pla.) (diserete)

fx(z) = [, f(z,y)dy (continuous)

Independence of Random Variables X and Y: flx,y) = fx(x) fy(y), Fl(x,y)=Fx(z) Fy(y)
e . ) _ [f(=z,y)
Conditional Distribution of X Given Y: Ixy(zly) =
fr(y)
Conditional Expectation: EY|X =z| = [yfyx(y|X =x)dy
If X and Y are independent random variables: frix(X =x) = fcf(’g)) = Lx(@)fy (y) = fy(y)

fx (@)
Expectation of a Function of Jointly Distributed Random Variables:

ER(X,Y)] =35, Mz, y)f(z,y) (discrete)
Eh(X,Y)] = [, '[(/ h(z,y)f(x,y)dzdy (Continuous)

Covariance and Correlation Between X and Y': Cov[X,Y] = E[(X —E[X])(Y —E[Y])] = E[XY] - E[X] - E[Y]
~ Cov[X,Y]
O Nl X VarlY]
Variance of the Sum of X and Y: Var[aX + bY + ] = a®*Var[X] + v*Var[Y] + 2abCov[X, Y]
Joint Moment Generating Function: Mx vy (t1,t2) = E[ettX+t2Y]
EX"Y™] = 55w Mxy(t1,12)],,

=15=0
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Bivariate Normal Distribution:

2 2
T@9) = 5o i P {ulipm'{(ﬁiﬁ") () 2p(””;ix)(”2‘y‘y)ﬂ

A oy R
EY|X =z =py + pxy - — - (v — ux)
D¢
Cov(X,Y)
=py + ——5—> - (r — px)
0%
Var(Y|X =) =02 - (1 - py)
Law of Total Expectation: E[E[X|Y]] = E[X]
Law of Total Variance: Var(X) = E[Var(X|Y)] + Var(E[X|Y])

Order Statistics: Y}, is the k-th from the smallest of the X;’s
PDF of Y}, is

n!

gk(t) = GRS A(F@)F (1= F) R f(2).
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